To achieve efficient and accurate long-time integration, we propose a fast, accurate, and stable highorder numerical method for solving fractional-in-space reaction-diffusion equations. The proposed method is explicit in nature and utilize the fourth-order compact finite difference scheme and matrix transfer technique (MTT) in space with FFT-based implementation. A time integration is done through the accurate fourth-order modified exponential time differencing Runge-Kutta scheme. The linear stability analysis and various numerical experiments including two-dimensional (2D) Fitzhugh-Nagumo, Gierer-Meinhardt, Gray-Scott and three-dimensional (3D) Schnakenberg models are presented to demonstrate the accuracy, efficiency and stability of the proposed method.
Introduction
In this paper, a space-fractional reaction-diffusion equation (SFRDE) of the following form is considered:
where Ω is an open bounded domain in R d , (d = 1, 2, 3), κ represents the diffusion coefficient, (−∆) α/2 is the fractional Laplacian of order α [18, 30, 26, 7, 25] defined through the eigenfunction expansion on a finite domain (see Definition 1) and f (u) is a nonlinear reaction term. The SFRDE (1) is provided with an initial condition g(x) and general boundary conditions such as periodic, homogeneous Dirichlet or Neumann boundary conditions.
Most numerical schemes for solving space-fractional diffusion problems involve applying the finite difference, finite volume, finite element, spectral method and so on for discretizing the fractional operator. Here, we focus our attention on matrix transfer technique (MTT) introduced by Ilic et al. in [18, 19] to solve space-fractional diffusion equations. Ding and Zhang [8] presented fourth-order methods based on the MTT for solving Riesz space-fractional diffusion and advection-dispersion equations. Yang et al. [30] utilized the MTT to solve fractional partial differential equations (FPDEs) with Riesz space-fractional derivative (RSFD). A rational approximation to dense matrix obtained from the arXiv:2003.13569v1 [math.NA] 30 Mar 2020
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There are many existing definitions of the fractional Laplacian operator, for more details, the readers are referred to [23, 9] . It is important to choose an appropriate numerical method of approximation accor to which definition is intended. The basic idea of the MTT is to approximate the fractional Laplacian (−∆) α/2 by the matrix representation A α/2 , where A is a symmetric positive definite matrix obtained from the discretization of the standard Laplace operator subject to the given boundary conditions. The main advantage of this approach is that, it gives a full diagonal representation of the fractional operator, being able to efficiently implement regardless of the fractional power in the problem. An additional advantage is that the application to two and three spatial dimensions is essentially the same as the one dimensional problem.
In this work, we propose a fast, accurate and stable compact exponential time differencing Runge-Kutta method for solving the multi-dimensional SFRDE (1) . We use a fourth-order compact finite difference method and MTT for the spatial discretization, yiel a diagonalization matrix system of ordinary differential equations (ODEs) whose solution can be explicitly expressed in term of the time integrator. The proposed method can deal with various boundary conditions and take advantage of FFT-based computations. All these techniques are coupled together to produce fast, accurate and stable numerical method.
The rest of the paper is organized as follows. In Section 2, we recall an important definition and lemma. In Section 3, we discuss 1D, 2D and 3D versions of the proposed spatial discretization method with separate discussions for different types of boundary conditions. The time discretization is introduced in Section 4 and its linear stability analysis is presented. Furthermore, the 3D algorithm of the proposed method is provided with periodic boundary conditions. Extensive numerical experiments with applications are reported in Section 5 in order to numerically demonstrate accuracy, efficiency and stability of the proposed method. Some conclusion remarks are made in Section 6.
Preliminaries
In this section, the following definition and lemma which will be useful throughout this paper are recalled.
Definition 1 For n, m, l = 0, 1, ..., let the Laplacian (−∆) has a complete set of orthogonal eigenfunction ψ n , ψ n,m , or ψ n,m,l corresponding to eigenvalues λ n , λ n,m , or λ n,m,l , respectively, on a bounded region Ω with periodic, homogeneous Dirichlet or homogeneous Neumann boundary conditions, then (−∆) α/2 is defined by
n λ α/2 n ψ n , d = 1,
n,m λ α/2 n,m ψ n,m , d = 2,
in which u can be expressed as follows
Lemma 1 ( [34] ) Suppose A be a positive definite matrix, and A = P ΛP −1 , where P is an orthogonal matrix and Λ is a diagonal matrix with diagonal entries being the eigenvalues of A, then for arbitrary real α, A α = P Λ α P −1 may be uniquely determined by A and α.
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Matrix transfer technique
In this section, a fourth-order compact difference scheme for discretizing the fractional operator (−∆) α/2 is introduced and derived a fast algorithm via FFT-based implementation.
By using MTT developed by Ding and Zhang in [8] for discretizing the fractional operator (−∆) α/2 with a uniform mesh of step size h in each spatial direction we obtain
where T α/2 is constructed from the eigenvalues and eigenvectors of the matrix representation of the standard Laplacian T based on given boundary conditions. That is, the matrix T α/2 will be represented in the following subsections need not be formed explicitly.
Here, we use a fourth-order compact difference scheme for the Laplace operator
where δ 2 x is the second-order central difference operator.
One-dimensional case
Let us consider the model (1) in an open domain in the one-dimensional space Ω = {x a < x < x b }. We denote {x n } N n=0 as the uniform grid points and h = x b −xa N as the mesh size. Let u n = u n (t) ≈ u n (x n , t) for 0 ≤ n ≤ N denotes the numerical solution. Denote the solution vector as u = (u 0 , · · · , u N ) T .
The case of periodic boundary condition
For the periodic boundary condition, the matrix representation of standard Laplacian based on a fourth-order compact difference discretization reads: 0 · · · 0 1 12
is a matrix representation of a differential operator −∆, then the matrix representation of the fractional operator (−∆) α/2 can be given by T α/2 . Since the matrices A and B are symmetric positive definite, they can be diagonalized as [20, 33, 16, 17 , 2]
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, 1 ≤ n ≤ N, (5) and P N ×N is the eigenvectors matrix, that is,
Using the MTT, the matrix representation of fractional Laplacian reads
Substituting (7) into (1) yields the semi-discretization in space of the one-dimensional SFRDE:
where f (u, t) = (f (u 1 , t), · · · , f (u N , t)) T . If N is large, the computational cost of the matrix-vector product in (7) is extremely high. Hence, we will propose a fast algorithm to efficiently compute matrix-vector product in (7) . From the definition of P in (6) , it is pointed out in [20] that the product P u is equivalent to the Discrete Fourier transform (DFT) [27] of the vector u, namely, P u = F(u), ( F stands for DFT ), while P −1 u can be obtained via the inverse DFT of u, that is,
Multiplying P from the left hand side in (8), we immediately obtain
Thus, the computational complexity of evaluating the matrix-vector product in (7) can be reduced from O(N 2 ) to O(N log(N )).
The case of homogenous Dirichlet boundary condition
For the homogenous Dirichlet boundary condition, the matrix representation of standard Laplacian reads as: 
Similarly, the matrix representation of fractional Laplacian reads:
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From the definition of P in (11) , it is noted that the operations P u and P −1 u are exactly the Discrete Sine Transform (DST) and the inverse DST respectively, and can be efficiently evaluated by FFT-based algorithm [27] .
The case of homogenous Neumann boundary condition
For the homogenous Neumann boundary condition, the matrix representation of standard Laplacian reads:
where A (N +1)×(N +1) , B (N +1)×(N +1) are the tridiagonal matrices as follows 
In order to reduce the computational complexity of P u or P −1 u from O(N 2 ) to O(N log(N )) by a FFT-based fast algorithm, we follow the idea in [20] . To this end, let u = (u 0 , · · · , u N ) T be any vector of size N + 1 and similarly define its reflection vector of size N − 1 as v = (u N −1 , · · · , u 1 ) T , and apply a DFT to (u, v) T and then take the first N + 1 components of the result which is equivalent to operation P u and also apply an inverse DFT to (u, v) T and then take the first N + 1 components of the result which is equivalent to operation P −1 u.
Two-dimensional case
With loss of generality, we partition the spatial domain Ω by a square grid which is uniform in each direction, i.e., h = x b −xa N = y b −ya N . Mesh points are defined as (x n , y m ) = (x a + nh, y a + mh) for n, m = 0, · · · , N . Let u n,m = u n,m (t) represent the numerical approximation of the solution u(x n , y m , t), for n, m = 0, · · · , N . Denote the 2D solution array as U = {u n,m } (N +1,N +1) .
For the periodic boundary condition, following the same arguments of the one-dimensional case, the discretization of fractional Laplacian can be expressed as:
where the matrices T x = A −1 B and T y = A −1 B are given in (4) . Define the special operators x and y as follows
Note that these two operators are commutative, i.e., T x x T y y U = T y y T x x U . Then we can rewrite (14) in the following compact representation
Define another operator for element by element multiplication two arrays of same sizes as
Then, the fractional Laplacian can be reformulated as
where Λ n,m = h −2
, for n, m = 1, · · · , N , P x and P y are orthogonal matrices be given in (6) and U = {u n,m } (N,N ) .
For the homogenous Dirichlet boundary condition, the fractional Laplacian can be similarly expressed as:
, for n, m = 1, · · · , N − 1, P x and P y are orthogonal matrices be given in (11) and U = {u n,m } (N −1,N −1) .
For the homogenous Neumann boundary condition, the fractional Laplacian can be similarly expressed as:
, for n, m = 0, · · · , N , P x and P y are orthogonal matrices be given in (13) and U = {u n,m } (N +1,N +1) .
Plugging the above equations (16) , (17) or (18) into (1) and multiplying P x from the left hand side and P T y from the right hand side, we obtain the semi-discretization in space of the two-dimensional SFRDE:
where F(U ) = P y y P x x U and F(f (U, t)) = P y y P x x f (U, t).
We note that the operation P y y P x x U can be deficiency computed by FFT-based computation, thus the computational complexity can be reduced from O(N 3 ) to O(N 2 log(N )).
Three-dimensional case
For simplicity, we denote h as the spatial space and N as the number of grid intervals in each direction. Set u n,m,l = u n,m,l (t) ≈ u(x n , y m , z l , t) for n, m, l = 0, · · · , N . Denote the unknowns as a three-dimensional array U = {u n,m,l } (N +1,N +1,N +1) . With similar process, we can write the fractional Laplacian as the following compact representation
where the spacial operator are redefined as
Following the similar analysis in two dimensional case, the fractional Laplacian can be reformulated as follows
where
, n, m, l = 1, · · · , N, (in the case of periodic boundary conditions)
, n, m, l = 1, · · · , N − 1, (in the case of homogenous Dirichlet boundary conditions)
, n, m, l = 0, · · · , N, (in the case of homogenous Neumann boundary conditions)
and P x , P y and P z are orthogonal matrices be given in (6) for periodic boundary conditions, be defined in (11) for homogenous Dirichlet boundary conditions or be defined in (13) for homogenous Neumann boundary conditions.
The following is the semi-discretization in space of the three-dimensional SFRDE:
where F(U ) = P z z P y y P x x U and F(f (U, t)) = P z z P y y P x x f (U, t).
Remark 1
The overall computational cost of the proposed method can be reduced from O(N d+1 ) to O(N d log(N )) for d = 1, 2, or 3, per time step by using FFT-based fast calculation.
Exponential time differencing procedure
Consider the following nonlinear initial boundary value problem
where A represents a spatial discretization of Laplacian operator. Let τ be the temporal step size, then using a variation of constant formula, then the exact solution of (23) is the following recurrence formula
The various exponential time differencing (ETD) methods come into picture from how one approximates the integral term. Here, we utilize a fourth-order time stepping scheme as considered by [4] which is based on fourth-order Padé Fast and accurate high-order method for high dimensional space-fractional reaction-diffusion equation with general boundary conditions A PREPRINT (1, 3) approximation to e −z . The Padé approximations are known rational approximations. In particular, Padé (1, 3) approximation to e −z is given by
where the notation R 1,3 (z) is used for Padé (1, 3) approximation to e −z . Fig. 1 (left) shows the behavior of the exponential function e −z and R 1,3 (z) for z ∈ [0, 60], while Fig. 1 (right) shows the behavior of the function R Following the process in [4] , the ETDRK4-P13 method reads as:
where I is an identity matrix.
FFT implementation of ETDRK4-P13 method
For the efficient implementation of ETDRK4-P13, in the following algorithm the FFT computations of the ETDRK4-P13 method is provided for the case of 3D SFRD with periodic boundary conditions:
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MATLAB build-in function 13: Compute f (u, t k ) as f u .
14:
The operator stands for element by element multiplication 15: Compute f (a k , t k + τ /2) as f a . 16 :
.
17:
19:
Linear analysis
The linear truncation error and stability analysis of the ETDRK4-P13 method (26) are performed in this subsection.
Truncation error of ETDRK4-P13
It is obvious that the overall spatial discretization is of order four because a fourth-order compact finite difference scheme is applied to fractional Laplacian term. Here, we analysis the overall local temporal truncation error for (26) scheme by using Taylor expansion. To this end, we consider the following linear semi-discretization system ∂v ∂t
where A and B represent matrices derived from the linear spatial discretization of fractional Laplacian and reaction term of a linear space-fractional reaction-diffusion system respectively, and v is a vector of unknowns.
Similar to the previous approach introduced in [32, 5] , we apply (26) to the system (27) 
for k = 0, · · · , M − 1. By using Taylor expansion, the scheme (28) becomes
For k = 0, · · · , M − 1, the exact solution of system (27) is
Therefore, the local truncation error of ETDRK4-P13 method (26) is
Hence ETDRK4-P13 method (26) is fourth-order in time discretization.
Stability region of ETDRK4-P13
We demonstrate the linear stability of ETDRK4-P13 method (26) by plotting its stability region. We consider the following nonlinear autonomous ODE
Linearizing the above equation about a fixed point g such that f (g) − cg = 0, we obtain the following test equation
where u is a perturbation of g and γ = f (g). For all γ, the fixed point g is stable if Re (γ − c) < 0.
Applying the semi-discrete ETDRK4-P13 method (26) to the scalar test equation (32) with y = −cτ and x = γτ , we have the following amplification factor .
The stability region is four-dimensional and therefore difficult to visualize. To obtain a two-dimensional stability region, we assume c to be fixed and real and γ is complex. The boundaries of the stability regions of the ETDRK4-P13 method are obtained by substituting r = e iθ , θ ∈ [0, 2π] into (33) and solving for x. In Fig. 2 , we plot the curves of |r(x, y)| = 1 for a complex value of x and various negative values of y. According to Beylkin et al. [3] , the stability regions should grow as y approach to −∞ for the scheme to be useful and practicable. Clearly, the stability regions for the ETDRK4-P13 method as shown in Fig. 2 grow larger as y → −∞ which affirm the stability of the scheme. and it represents the amplification factor of the fourth-order explicit Runge-Kutta (RK4) scheme.
Numerical experiments
This section discusses the results obtained by applying the proposed method to various widely known SFRDEs including 2D FitzHugh-Nagumo, Gierer-Meinhardt, Gray-Scott and 3D Schnakenberg models. The accuracy of the scheme is measured in terms of maximum error norm · ∞ defined as
where u(x n , T ) and u M n are the nth exact and numerical solution at the final time T , respectively. In additional, the order of convergence in space and time is computed as
where E h,τ = u − u h,τ ∞ and E h/2,τ /2 = u − u h/2,τ /2 ∞ with spatial step size h and temporal size τ . The numerical experiments are performed in MATLAB R2019b platform on a MacBook Pro with 3.1 GHz Dual-Core Intel Core i7 CPU and 8 GB memory.
Stability, accuracy and efficiency tests
The following examples are considered as a benchmark problems in order to investigate the performance in terms of accuracy and efficiency of the proposed method. 
subject to homogenous Dirichlet boundary conditions and the following initial condition
The exact solution to (34) is
In the first set of experiments, we compared the analytical solution with solution obtained by the proposed method in order to see how the proposed method is able to capture the spatio temporal solution profile of the component u. Fig. 3 displays the approximate solution obtained via the proposed method up to T = 2 and the corresponding exact solution for α = 2 and α = 1.4 with κ = 10, N = 64 and τ = 0.004. It is clear from the Fig. 3 that the numerical solution provided by the proposed method is in good agreement with an exact solution.
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In order to do the empirical convergence of the proposed method, we ran a another set of experiments on Example 1 at T = 1 and captured the maximum errors for various values of α, h and k with κ = 1. In order to visualize the temporal and space rates of convergence of the proposed method, we depicted them in Fig. 4 with log-log scale graph. One can notice that the computed rates of convergences agree with expected order of convergence of the scheme which is a fourth-order accurate in both space and time. A third set of experiments ran on Example 1 in order to compare the performance of the proposed method in terms of accuracy and efficiency with the results obtained via the RK4 method for α = 1.8 and different values of h and τ . Maximum errors, rates of convergence, and CPU times for the methods are reported in Table 1 . From Table 1 , one can see that the temporal step size must be proportional to α power of the spatial step size h as expected when the explicit RK4 is used due to the stability constraint from the fractional diffusion term. From Table 1 , one can see that the computational cost for the RK4 method is much higher than the proposed method at the same spatial step size h with similar size of errors and order of accuracy. So, the results in Table 1 justify well enough abandoning the implementation of the RK4 method in the remaining part of this work.
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where f (x, y, t) =αt α−1 cos 3 (2πx) cos 3 (2πy) + t α Φ(x, y) − t α cos 3 (2πx) cos 3 (2πy) 1 − t α cos 3 (2πx) cos 3 (2πy)
with Φ(x, y) = κ 16 9(8π 2 ) α/2 cos(2πx) cos(2πy) + 3(40π 2 ) α/2 cos(6πx) cos(2πy) + 3(40π) α/2 cos(2πx) cos(6πy) +(72π 2 ) α/2 cos(6πx) cos(6πy) , subject to periodic and homogenous Neumann boundary conditions. The initial condition can be obtained from the analytical solution u(x, y, t) = t α cos 3 (2πx) cos 3 (2πy).
To investigate the order of accuracy of the method for varying fractional order α, a numerical test on Example 2 was performed. In the computation, a simulation was run up to the final time T = 1 with κ = 1 by initially setting h = 0.1 and τ = 0.1h then reduced both of them by a factor of 2 in each refinement. The maximum error and rates of convergence for α = 1.2, 1.4, 1.8, 2.0 of the diffusion process are listed in Table 2 . As expected we observe from Table 2 that the computed convergence rates of the proposed method apparently demonstrate the expected fourth-order accuracy in both time and space for varying α.
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The interest domain is Ω = [0, 2.5] 2 and the initial conditions are taken as
The choice of parameters µ = 0.1, = 0.01, β = 0.5, γ = 1 and δ = 0 is known to generate stable patterns in the system in the form of spiral waves.
In order to illustrate the effect of varying α and κ, the model is considered subject to periodic [31] or homogenous Neumann boundary conditions [6] with N = 256 and τ = 1.
The aerial views of the concentration profile of the component v subject to periodic boundary conditions with κ = 1e−4 at different times and various α values are presented in Fig. 5 to illustrate the effect of fractional diffusion in FHN model. From Fig. 5 , it can be clearly depicted that the width of the wavefront is reduced for decreasing fractional power α.
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2D Gierer-Meinhardt model:
The Gierer-Meinhardt model is widely used in the study of some basic phenomena in the process of morphogenesis.
Here, we consider the following fractional Gierer-Meinhardt model [12] : cos( π 2 jy)   sech 2
In this set of numerical experiments, we chose N = 64, τ = 0.1 and K = 0.0162 and ran the simulation profile of the component u for fixed α = 2 and different values of β at different times T and depicted in Fig. 8 . As shown in [28] , Turning instability will appear for β < 1.8, so the results were omitted here. In Fig. 8 , it can be observed that the stripe pattern for β = 1.8. If we keep increasing the value of β, then a chain cluster of Tuning spotted patterns initially evolve. The pure Turing spot patterns are clearly obtained when the simulation time increases to 1000; as seen in Fig. 8 . In Fig.  9 , we plot the solution of u for different α and β at different times T . Again, a chain cluster of Turning spotted patterns appear as time increases. In the second set of numerical experiments, we consider the case for K = 0.0128. Figs. 10 and 11 exhibit the scenarios of pattern formation for different values of α and β at different times T . In Fig. 10 , we fix α = 2 and vary β. When β = 1.8, then the system become stable, that is, the solution approaches the steady state = 0.04 while Turing patterns appear when β increases, as seen in Fig. 10 . In Fig. 11 , one can observe that a stripe pattern turns into a spot pattern for different α and β. For more details, we refer to [28, 10, 24, 21] . Fast and accurate high-order method for high dimensional space-fractional reaction-diffusion equation with general boundary conditions A PREPRINT Figure 11 : Turing pattern in the Gierer-Meinhardt model (37) for K = 0.0128 and varying (α, β) = (1.9, 1.9), (1.9, 1.8), (1.8, 1.8) (Up-Down) at T = 100, 300, 500, 700, 1000 (Left-Right).
2D Gray-Scott model:
The fractional Gray-Scott model that describes an autocatalytic reaction-diffusion process between two chemical species with concentrations u and v is written as [13, 14] ∂u
The diffusion rates in the process satisfy κ u ≥ 0, κ v ≥ 0. The parameters F , K are the dimensionless feed rate and decay rate, respectively. The spatially initial condition is
where Ω = (0, 1) 2 and O = {(x, y)|(x − 0.5) 2 + (y − 0.5) 2 ≤ 0.0016}. We take N = 265, τ = 1, F = 0.03 and varying K, α. The ratio of diffusion coefficients are chosen as κ u = 2e − 5, κ v = 1e − 5 (κ u /κ v > 1) to make the model generating different types of pattern formation [29] .
The evolution profile of the component v and the effects of the super-diffusion for the fractional Gray-Scott model are shown in Fig. 12 . From the Fig. 12 , it can be seen that the speeds of pattern formulation depend on different α due to the speed of the diffusion is affected by fractional order.
For K = 0.055 (Fig. 12a) , the model with the normal diffusion (α = 2) produce a circular wave propagating outward. Moreover, the reduction of the fractional order α = 1.7 affects the size of patterns with smaller spots and generates a decrease in the velocity of the propagation of the initial perturbation. For smaller values of the fractional power (α = 1.5), we observe a new process of pattern formation. The process of nucleation of the structure propagates outward until the entire domain reaches the final steady state. For K = 0.061 (Fig. 12b) , the model presents filaments and produces a wavefront propagation by curvature. When the order α of the fractional Laplacian operator decreases, the curvature driven mechanisms are increased and filaments become thinner. For K = 0.063 (Fig. 12c) , the model exhibits patterns of the mitosis when α = 2. However, when the fractional order of the model is decreased, the replication pattern is completely changed as shown in Fig. 12c . 
3D Schnakenberg model
We consider the system of 3D space-fractional Schnakenberg model [15] :
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u(x, y, z, 0) = 1 − e −10((x−l/2) 2 +(y−l/2) 2 +(z−l/2) 2 ) , v(x, y, z, 0) = e −10((x−l/2) 2 +2(y−l/2) 2 +(z−l/2) 2 ) ,
where u and v are the concentration of the chemical products, κ u , κ v are the diffusion coefficients, γ is the scale factor proportional to the length of the domain, a, b are the positive constants, and l is the length of domain. The parameters are selected as follows: κ u = 1, κ v = 10, γ = 1, a = 0.1, b = 0.9. We simulate the model on the domain Ω = (0, l) 3 with N = 32 and τ = 1.
Numerical simulation of the Schnakenberg model in three spatial dimensions represents an even more amazing scenario where more exotic and chaotic patterns may arise which illustrate the emergence of pattern formation dependent on the values of T , the length of the domain and the fractional power α, as can be observed in Figs. 13, 14 and 15.
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Conclusion
In this manuscript, a fast, accurate, and stable high-order numerical method is proposed for solving space-fractional reaction-diffusion equations with subject to periodic, Dirichlet or Neumann boundary conditions. The proposed method is based on a fourth-order exponential time differencing Runge-Kutta approximations for time integration and a fourth-order compact finite difference approximation in combination with matrix transfer technique for spatial approximation, that allow use of FFT-based fast calculations. An empirical convergence analysis and calculation of local truncation error exhibited the fourth-order accuracy of the proposed method. The performance (in terms of accuracy Fast and accurate high-order method for high dimensional space-fractional reaction-diffusion equation with general boundary conditions A PREPRINT and efficiency) and reliability of the method has been investigated by testing it on various numerical examples including 2D fractional Fitzhugh-Nagumo, Gierer-Meinhardt, Gray-Scott and 3D fractional Schnakenberg models. The numerical results exhibited that the proposed method is fast, accurate and applicable for simulating the multi-dimensional spacefractional reaction-diffusion equations. In future, the method will be applied to multi-dimensional space-fractional reaction-diffusion-advection equations involving non smooth data.
